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Abstract 

This is a review of the basics of duahty as appHed to forms and ci-models. 
The ideas are introduced by way of worked examples, often quite detailed. Our 
approach is very pedestrian and the presentation is aimed at non-specialists, 
such as e.g. graduate students. 
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The report you hold in your hands represents the written version of a series 
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Introduction 



Dualization has by know appeared in several different contexts in theoretical 
physics. A few of those are: Kramers- Wannier duality, dual models, Hodge 
dual, dual maps, scalar-tensor duality, electric-magnetic duality, Montonen- 
Olive duality, the low energy effective action duality constructed by Seiberg, 
and the recent string dualities (S'-duality, T-duality, ^/-duality). In this lecture 
some of these dualities will be outlined in more detail. 

Here duality will mean that there exist two equivalent descriptions of a model 
using different fields. A classical example is the scalar-tensor duality in 4D. 
A free Klein-Gordon field (j) has an equivalent description in terms of a free 
antisymmetric tensor field The relation between the fields is describable 

as a Legendre transform, but an explicit description of one as a function of 
the other would be non-local and non-linear. Only in certain 2D-dualities do 
we have an explicit relation, such as in the case of the duality between the 
massive Thirring model S{ip) and the Sine-Gordon model S{(p) where (j) ~ V'V'j 
is a bound state from the point of view of the Thirring model The reason 
why such cases are important and interesting is the fact that duality typically 
exchanges the coupling regimes: g — > 1/g, then the weak coupling regime in 
one model is the strong coupling regime in the other and vice versa. Knowing 
the explicit relation thus allows perturbative calculations in the variables of the 
original theory both in the strong and weak coupling regimes. 

Imagine for a moment that QCD had a dual description and that we knew 
the explicit transformations. We would then have perturbative control over 
both the asymptotically free and the confined phase. This of course is too 
much to hope for, but recent years have seen a remarkable development in 
field theory along these lines. Namely, Seiberg and Witten |^] have solved the 
N = 2 supersymmetric Yang-Mills theory in a way that utilizes duality - an 
"electric-magnetic" duality of the kind conjectured by Montonen and Olive Q 
and known for = 4 - and, they also showed that breaking N = 2 down 
to A^ = 1 gives electric confinement. So, there exists a semi-realistic theory 
with some of the desired properties. Further, through the work of Seiberg and 
collaborators |Q] a "low energy effective duality" has been shown to exist in 
certain A^ = 1 supersymmetric field theories, with colour gauge groups SU (Nc) 
and flavour group SU{Nf) (see fig.|l] on the next page). 

Now after this discovery by Seiberg in fleld theory it still remained an open 

^We will see that this as well as electric-magnetic duality are special cases of p-form duality 
in D-dimensions where a p-form is dual to a D — (p + 2)-form. 
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Figure 1: For iVc + 1 < Nf < ^Nc the low energy description of the models on the 
left and right hand side are dual. 



question whether similar relations exist in string theory. Field theory being 
the low energy limit of strings it is clear that string duality implies field the- 
ory duality, but not the other way around. Dualities in string theory have 
been conjectured for a long time but only recently has there been sufficient 
evidence to believe the duality to exist. In fact, string theory is presently un- 
dergoing a very rapid development, ("2nd revolution"), which is based on the 
discovery of D-branesQ, the existence of dualities, etc. Field theory duality 
multiplets contain elementary quanta and smooth classical configurations (mag- 
netic monopoles). String duality multiplets contain these (elementary quanta, 
strings) plus singular configurations (black holes) and D-branes. 




Figure 2: The moduli space of string vacua. 



*D-branes are solitonic solutions to the string equations that are "branes" where open 
strings end (i.e. where those strings have Dirichlet boundary conditions). 
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String dualities were discovered in investigation of dualities that relate vari- 
ous weakly coupled string theories. In fact the picture that now emerge in string 
theory may be depicted something like that of Fig.^ (borrowed from |^]). The 
known models correspond to weak coupling and the full moduli space is largely 
unchartered. In particular one sees evidence of an extra eleventh dimension 
in one direction in moduli-space. The low-energy limit of this unknown IID 
M- Theory is IID supergravity. 

After this detour into the unknown, let us return to basics! 
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Chapter 1 

Scalar- Tensor Duality 



1.1 Field eqn's ^ Bianchi's 

Consider the actions for a massless free Klein-Gordon fieldQ cj) in 4D 

S<t^ = \j d^^F^{ct^)F^{4>), (1.1) 

where Ffj_{(j)) = d^cj), and the action for a massless free anti-symmetric second 
rank tensor field A^i, in 4D 

Sa = I^ I d^xF^,,(^)F^-''(A), (1.2) 

where F^^p{A) = d^^A^py 

The field equation and the Bianchi identities for the free Klein-Gordon field 

are 

^|^F^'{(f)) = (field equation) (1.3) 

d^*F^"'P{(l)) = (Bianchi identities) (1.4) 
and for the free anti-symmetric tensor field we find 

^p*F^'{A) = (Bianchi identity) (1.5) 

^^F^"'P{A) = (field equations), (1.6) 

where *Ff"'P{(t)) = e'^'P" F^{(t)) and *F''{A) = ^e^'^P'' Fp^p{A). 

The key observation here is that the field equation for the free Klein-Gordon 
field looks like the Bianchi identity for the free anti-symmetric field, and vice 
versa. In fact there exists a framework where it is seen that the two theories 

^We will use a notation where the fields are independent unless they have an explicit 
argument (F^ is and independent field while is not.). 
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represent the same physics. A change from one description to the other inter- 
changes the role of field equations and Bianchi identities. Let us look into this 
in more detail. Consider the so called parent action of Sa 

Sf,<p = J <fx {aF^upF^^'P + h(t>d;F>') , (1.7) 

where the scalar field (/> is a Lagrange multiplier and F^i,p is an independent 
field {F / dA). Varying Sp^^ with respect to cp gives directly 

Sep : d/FP = = (1.8) 



Hence, we force the field Fj^po- to satisfy the Bianchi identity (eq. (|l.5D ). Thus, 
we may write F^pa- = d^j^Ap^^. Plugging this back into the action ( p7| ) and 
choosing a = ^ we recover the Sa of (|1.2D. We have thus shown that (|l]^) is 
(classically) equivalent to (L^)^. 



To show that ( |1.7[ ) is also equivalent to ( |1 . l] ) we again consider Sp^tj,. With 
the above value of a it reads 

Sf,^ = j, j <fx{Fp,pFP^P + h^e^'^P'^dpF^p^). 
Varying it now with respect to Fp^^p gives 

5Fp,p : F^'^P = -te^-P-d^cp. (1.9) 
Putting this back into Sp^^p we obtain 

Sf,<p ^ ^ / ( je^^"''eK/..p5A</.9> + ^eP^P'^e^.p^^Opd'^cP^ 

/)2 r 

= — (fxdp(PdP(P. (1.10) 

So, 5f,0 ^ 5^ if 6 = \/2. 

Thus, from the parent action SF^tj, we have shown that and Sa is dual 
to each other; the two actions represent the same physics (at least classically), 
but the physical description is given using different fields. The characteristic 
feature of this construction is that the field equations and the Bianchi identities 



are exchanged. This duality may be illustrated as in Fig. |l.l| below. 

Parent actions are not unique. Another parent action which also shows that 
5^ and Sa are dual to each other is 

Sf,a = j d^x [aFpF^^ + bAp.dp *FP^'^) . (1.11) 



^Proving equivalence by substituting the solution of one set of field equations into the 
parent action is slightly risky, and requires some care for certain cases. The safe approach is 
to compare the field equations. 
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Figure 1.1: The parent action SF,<f> is (classically) equivalent to both 5*0 and Sa 
showing that and Sa are dual to each other. 



Varying the action with respect to A^^, we get right away 

5A^, : dp *FP^'' = = eP^'^'^dpF^, (1.12) 

which is equivalent to = d^cj). So Sf,a ^ 5*0 if d = ^. If we instead vary the 
action with respect to F^ we obtain 

6Fp : F'^ = -be^'^P-d.Ap^. (1.13) 

Putting the expression for F^ back into Sf^a one can easily verify that 
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I d^xFp,p{A)F^''P{A). (1.14) 
So, if we put 6 = \/2 we see that Sp a Sa- The duality between Ss and Sa 



Sf,a 



may be illustrated as shown in Fig. 1.2 



1.2 The shift property 

Next, we want to discuss another construction of dual theories. Go back to 
(0) 



This action has a global symmetry^ namely it is invariant under a constant shift 
(j) ^ (j) + e. We gauge this symmetry by introducing a field V^; 

dpcj)^ Dp^ = d^<l) + Vp, (1.15) 
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Figure 1.2: The parent action Sf,a is (classically) equivalent to both and Sa 
showing that and Sa are dual to each other. 



and by letting 

S^y = \j d''xD^(t>D^'<t>. (1.16) 
Under a local shift, (e = e(x)), the action transforms into 

= + J d^xD^cp{d''€ + 6V''). (1.17) 

So, we have invariance if 6V^ = —d^e. 

We add a term to the action S^y that ensures that is pure gauge 

Sw = aJ d^xAi^^*W'"', (1.18) 

where *Wi^'' = ^ei^'^P'^Wpa and = Varying Sw with respect to 

gives 

SA^, : *W^, = ^ = d^\. (1.19) 

One can show that S"^ is recovered if DA = (modulo topological obstructions). 
This is also achieved if we choose a gauge A = 0, or redefine = + A. 
If we choose to integrate out instead, we find 

D,4> = I^^^^^V ^ ^^'V'^.AA) (1.20) 
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so that 



y^. = ^^'"'^F,pM)-^^.<^>■ (1-21) 



Putting these expressions back into the action gives (temporarily suppressing 
the argument of F) 



S^,v + Sw - \j d'xj^eP^^e^^/Fp^^F'^^^ 

= ^/ d'xF,.,iA)F"''iA). (1.22) 



Choosing a = \f2 we see that S^y + Sa- 
Conversely the action (eq.( |1.2D ) 



Sa = ^ I d^xF^,p{A)F^^P{A) 



also has a symmetry under A^i^ A^i, + e^jy. Gauging this symmetry we 
introduce 

DfiAyp = dp^App + Vpiip. (1.23) 

Then, the action becomes 

SAy = 1^1 d^xD[pA,p]D^^A''P'^ (1.24) 
with SVp,,yp = —^d[^i^up]- Again, we ensure that Vp^p is pure gauge by adding 

Sw = a [ d'^xcj) *W, (1.25) 



where *W = e^^'^f^Wp^pa and Wp^pa = d]^pyupcT]- Varying the action with 
respect to yields 

5<i): *VF = ^ Wp,p„ = (1.26) 

so that Vupa = d\^v^p„Y We may choose a gauge Xp^ = or otherwise redefine 
Apy = Api/ + SlXpi/ to recover 5*^. 

Integrating out Vp^p instead we have: 

SVpyp : D^'^A-'P^ = ^ae'^t^-'Pdpcl) (1.27) 
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so that 



V^^'P = 2ae'''"'Pd^(P - ^^^^'A''P^ . (1.28) 
Putting this expression into the action Sa,v + Sw yields 

Sa,v + Sw^ 3!4!a2 J d'^xd^(pdP<p. (1.29) 
So, choosing a = the action Sa,v + Sw S^j,. 



We summarize the two ways of constructing scalar-tensor duality in Figs. 1.3 
and O: 




Figure 1.3: When the field equations and the Bianchi identities are interchanged the 
two parent actions Sp.ifj and Sf,a are (classically) equivalent to both 5*0 and Sa- Thus 
Scf, is dual of Sa and vice versa. 
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Sa,v + Sw 



Figure 1.4: When the shift symmetry is gauged the two parent actions S^y + Sw 
and Sa,v + Sw are (classically) equivalent to both and Sa- Thus is dual of Sa 
and vice versa. 

Excercise: Verify the important property that the abelian duality trans- 
formation D, is idempoten, i.e. D'^ = ±1, in the examples above. 
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Chapter 2 

Electric-Magnetic Duality 



2.1 Field eqn's Bianchi's 



We now want to extend the scalar-tensor duality just described to Maxwell's 
theory. 

The equations of motion reads 



and the Bianchi identity 



d^Ff"" = 



*F^"' = 0, 



(2.1) 



(2.2) 



in the absence of sources. 

Here, interchanging field equations and the Bianchi identity is equivalent to 



Since 



and 
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(2.3) 



(2.4) 



this is tantamount to the discrete symmetry 

E^B; B^-E 
which is why this kind of duality is called electric-magnetic. 



(2.5) 



(2.6) 
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Starting from the action 

5a = (2.7) 

where Ffj_iy{A) = d\^^A^^, and the Bianchi identity 

d^*F'"'{A) = (2.8) 

we go to a parent action 

Sf,a = I d^x (^^F^.F'^- + ah^d, *F-^^ (2.9) 

Varying the action with respect to gives 

•^F'^- = ^ F^. = (2.10) 



so that Sp^k Sa- 

On the other hand Vcirying with, respect to Fjj^i/ gives 

2^2 2 2 

Plugging this back into the action, yields 



5F^, : ^F^^- = -dpKeP''^'' = ^ *G^r (2.11) 



Sfa -^Sa = J d'^x *G^u (2.12) 

Since *G^u *G'^^ = -2G^yG^^^ , where G^u = (9[^A,^], we obtain the dual action 

= t/ d''xG^,{K)G^'^{K), (2.13) 

^€1 ~ "72 ■ t\ia,i the duality exchanged the "coupling regimes" g ^ g' = 

1/5. Also, the gauge field is interchanged with A^. Hence, electric-magnetic 
duality in 4D is a vector-vector duality. 

Now, this nice duality is destroyed when coupling to sources, unless we 
include magnetic ones. In fact 

V-E = pe, VxE = -— -j^, (2.14) 

V-B = p„, VxB = — +je (2.15) 

is invariant under (in complex notation) 

E + iB ^ e^'^(E + iB) 

Pe + iPm e"^iPe + iPm) (2.16) 

^ Since we are considering a free theory at the classical level the coupling constant g could 
be scaled into the fields, and we might a priori have allowed g-dependence in a. However, 
the present assignment give the right charges and couplings when magnetic monopoles are 
considered. See |f|. 
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So, it looks as if we have an even larger group than previously contemplated 
in (|2.6| ). However, if we have particles with electric and magnetic charge the 
transformations ( p.l7| ) must be accompanied by 

qe + iqm^ e'^{qe + iqm)- (2.17) 

But, the Dirac quatization rule say^ 

qiqi = 27r%,- (2.18) 

where rjij is a matrix of integers. So we have invariance if = it^. 

2.2 p-form duality 

Let us now collect and generalize what we have learned so far. 
Suppose we study a p-form theory in D dimensions, i.e. 

A = ^Af,^f,^,„^^dx^'^ A dxf"^ • • • A dxi'p 
F^dA = -^-^d[^,A^,^„„^^^,^dx^^ A • • • A dx^^+\ 



(2.19) 



where F is the field strength; F^i^a-./^p+i = ^[mi^/.2...mp+i] and p ^ D - 2. 
The action is 

So the field equations and the Bianchi identities are, respectively 

d^F^'^'-^piA) = (2.21) 
d^*F^'f^-fo-(p+2)(^A) = (2.22) 

A parent action is e.g. 

Sf,a = i^r^-TT f d^'x (f2 + aAd*F) (2.23) 

where A is a D — (p+2)-form. Varying this action with respect to A get back Sa- 
If we instead vary the parent action with respect to F and put the expression 
for F back into Sf,a, the parent action transforms into the dual action 

where F{A) is a D — (p+l)-form {F{A) ~ *F{A)). Hence, there is a dualization 
between the p-form A and the D — {p-\- 2)-form A. The diagram is now (Fig.|2.lD 



^Here i,j denumbers the charges of the different particles. 
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Figure 2.1: The parent action Sf.a is (classically) equivalent to both Sa and 
showing that Sa is dual to Sa and vice versa. 



In the picture where we gauge the shift-symmetry the situation looks as 
fohows. The action 

is invariant under the global symmetry A A + e. When we gauge this 
symmetry the action changes into 



Sa,v = -r^ — r / d'^xDADA (2.26) 



2(p + l 

where DA = dA + V and where V is a p + 1-form. The parent action is 

Sa,v.a = ^, ^, [ d'^x {DAD A + k*W) (2.27) 

2(p + i)y 



where A and *W are D — [p + 2)-forms. This is summarized in Fig. 2.2 below. 
Using this language we collect our previously discussed D = 4 examples in the 
table 2.1. Here we have renamed the scalar field (j) and called it A viewing it as 



a zero form. In D = 2> the corresponding table is seen in table |2^ 
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Sa,v,a 




Figure 2.2: The parent action Sa,v,a is (classically) equivalent to both Sa and Sa, 
showing that Sa is dual to Sa and versa vice. 



p 


Ap 


Fp+1 


Ad-(2+p) 


F(A)d-p-i 





A 


FM) 






1 






A. 




2 






A 





Table 2.1: The various possibilities of p-form dualities in D = 4. 



p 


Ap 


Fp+i 


Ad-(2+p) 


F(A)d-p-i 





A 




Am 


F^uW 


1 


\ 


F,uiA) 


A 


F,{A) 



Table 2.2: The various possibilities of p-form dualities in £) = 3. 



12 



Excercise: Construct the various parent actions corresponding to table 



2.2 



2.3 3D vector- vector duality 

2.3.1 Dualization between a self dual vector field and a self dual 
topologically massive vector gauge field 

To illustrate that there may be more complicated dualities than the p-form 
dualities just described, let us look at a 3D example |^. 
The action (which is linear in derivatives) 

SB = \j {m^B^B^' - ^me>"'PBf,d,Bp^ (2.28) 

describes a massive, self dual vector field. The field equation reads 

6B^ : 2rn^B^' - me^"'''dyBp = 0. (2.29) 

Defining Fp^y{B) = d^^Bp^ and *F^' = \e^^''Fyp we get the self duality condi- 
tior^. 

5^ = — *Ff'(B) (2.30) 

2111 ^ ' ^ ^ 



The action ( 2.28| ) is in fact dual to another action for a self dual topologically 
massive vector gauge field Ap with action 

Sa = I d^x (^-^Fp,{A)F>^''{A) + ^me^-'PApF^piA)^ (2.31) 

which is quadratic in derivatives; Fp^{A) = d^pAj^y The field equations are 

6Ap : dpF^-'iA) + me^^'PF.p = (2.32) 

giving the self duality condition: 

dpFf"" = -2m (2.33) 

The duality can, as we are accustomed to by now, be seen in many different 
ways. One parent action is 

Sba = ljd^^ {m^BpB'^ + me'^'^P {BpF,p{A) + ApF,p{A))] (2.34) 

The equivalence to Sa is immediately, the field equation, 

5Bp : B'' = -l-e'^-PF.piA) (2.35) 



^Here "dual" refers to Hodge duality. 
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returns Sa when plugged back into Sb,a- On the other hand 

5Af, : e'^'PO^Bp + e^'PF,p{A) = (2.36) 

returns Sb if we partially integrate in the Chern-Simons term and use the field 
equations ( p.36| ) twice: 

Sb,a ^ j Sxim^BpB'' -me''^P{B^duBp + A^d,Bp)} 

= J d?x{m'BpBP - me>'^P{B^duBp - Bpd.Ap)} 

= J (i'xim^BpB^' - ^me^^'^PB^d.Bp} (2.37) 

Another parent action is 

Sa,b = J d^x!^-^F^M)F^''i^) + Irne''"' (^F^u{A)Bp - ^F^,iB)Bp^ | 

(2.38) 

Varying Sa,b with respect to Bp gives back Sa and 5b is obtained when Sa,b 
is varied with respect to Ap. 

2.3.2 3D dualization from 2D point of view 

Let us dimensionally reduce the above models. Thus, consider again the 3D 



parent action (2.34) 



Sba = ljd^^ {m^BpBP + meP''P{BpF,p{A) + ApF,p{A))} 

Then make a 2+1 split of the vector fields 

Bp^{Bp,c^); Ap^{Ap,X) (2.39) 

Assuming the fields have no dependence on the third coordinate the 2D parent 
action may be written (up to boundary terms) 

Sb,<p,a,x = ^ / {m^BpB^^ + <P^) + ImeP-'iBpd.X + <pdpA, + 2XdpA,)} 

(2.40) 

Varying the 2D parent action with respect to Bp and (p yields 



6Bp: 2m^BP + 2meP''d^X = B^ = -—e^'^d^X 

m 



2rr?(t) + 2meP''dpA^ = {) ^ = -—e^^dpA^ 

m 



(2.41) 
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Putting these expressions into Sb,4>,a,x gives the action 

Sa,x = / { + \^^^X^^X + me^^XF^u | (2.42) 
where F^y = Sa,\ is dual to another action Sb,()> which is found by 



varying the parent action ( 2.40 ) with respect to ^4^ and A. So it is a simulta- 
neous dualization of a vector and a scalar which should be interpretable as two 
scalar-scalar dualities in 2D. 
Another parent action is 

Saxb,<i> = J d^x |-iF^,(^)F^'^(A) - ^d^Xd^'X 

-mef"" (^-B^d.X - <pd^A, + ]^(t>d^B^ | (2.43) 

Again, dualization proceeds as in the previous case. Note that we have 
more possibilities in 2D than in 3Z), however. When we relax the requirement 
that {Bfj,,(j)) or (^^,A) (the 3D vectors) should be integrated out we may e.g. 
integrate out and A, say. 

In 0, a non-Abelian versions of the 3-D duality discussed here was given. 
It might be interesting to look at the 2D non-Abelian dualities that arise from 
those models. 

Now, what about non-abelian theories in general? Due to the self interaction 
we do not have a shift symmetry to gauge and due to the non-abelian nature, 
the Bianchi identity is not directly integrable (Rememeber contains the 
connection). It is therefore a bit interesting that the above 3D duality can be 
generalized to non-abelian form. It is one of very few such examples. 

For cj-model duality there exists a systematic non-abelian dualization how- 
ever. We shall return to the question in that context. 

Exercise: Find the remaining dual actions in 2D. 
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Chapter 3 

cr-Model Duality 



3.1 String interlude 

String theories are based on 2D non-linear cr-models with bosonic (and fermionic) 
degrees of freedom. The bosonic part of the critical superstring action may be 
written (with no coupling to background fields) 

S = -^ I d^i^afSab (3.1) 

where ol is the inverse string tension, g^h is an auxiliary metric on the world 
sheet and the induced metric ^ah is 

^ah = daXf'dbX'^r]^,, (3.2) 

rjfj^y is the trivial background^. 

The coordinates X^ on M^^ (target space) are given by a mapping 

X^' : — > (3.3) 

The string action including coupling to background fields is given in covari- 
ant gauge by 

S = -^ j {daX^^d'^X'^G^^iX) + e'^'daX^'d^X^B^.iX) - a' R^^U{X)] 

(3.4) 

where G^y is the non-trivial background metric, B^j^y is an antisymmetric tensor 
field, cj) a scalar field and R^"^^ is the world-sheet Ricci scalar. This action has a 
duality called T-duality (target space duality). 

To lowest order in the string parameter a' the vanishing of the /3-functions, 
i.e. the requirement of scale invariance of the quantum theory, results in field 
equations for the background geometry fields G, B and (j) that may be summa- 
rized in the effective action 

^eff = j d'^'xV^e-^^ + ^F^upF^^'^P - 4Z?^0Z)^0| . (3.5) 

^We use a, fe . . . = 0, 1 as world sheet indices and /i, . . . = 0, 1, . . . , 9 as space-time indices. 
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Here is the gravitational coupling, i?^^'') is the Ricci curvature scalar of the 
ten-dimensional target space (space-time), F^^yp is the field strength of B^y 
{Fp.up = d\ij,Byp-\) and -D^ is the covariant derivatives on the target space. The 
action (|3.5| ) has a S'-duality0 symmetry. When supersymmetry is taken into 
account more fields are needed. 

Amongst the string dualities one also find [/-duality which is a combination 
of T- and S-duality, including dimensional reduction [^. We will not discuss 
[/-duality in these notes. 

We now turn to the second type of duality that is relevant for String Theory. 
T-duality is a transformation that acts on 2D sigma-models. Before we rush 
into T-duality, we first present some preliminaries on iD-dimensional cr-models 
and construct the dual action when the target space has an isometry. 

3.2 cr-models, target space isometries and the 
Legendre transform 

A (T-model is a map from a d-dimensional space M into a D-dimensional target 
space T 

(pf : M — >T (3.6) 

with action 

S<p = I d'^Cdard'^^'G^M) (3.7) 

where 5" = rj'^^db, rjab is the Minkowski metric and da = 

With nontrivial, it is a non-linear cr-model. G^y has the interpretation 
of a metric on T. The equation of motion that follows from ( ^.7] ) reads 

<5(/>'^ : daWct^^Gp^m - ^Gp^^pdack'd'^r = (3.8) 
As an aside, we rewrite this as 

= d^<i)''G^, + da(t>pd''(l)^Gp,,p-]^Gp^,,,da(t}pd''r 

= d^<l)''Gp, + ^aa(/.^a>'^(2G^,,p - G^p^p) 

=> d^r + \g^''{G,,^p + G,p^, - G^p,,)da(t>'d''r = 0, 



so that 



where the Levi-Civita connection is 

1 



+ T''^pda(l)fd^r = (3.9) 
nection is 

r'^o-p = '^G^'^ {GycF,p + Gpp^a — Gcrp^v) (3.10) 



duality is the kind of duality we treated in the previous sections. 
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The pullback Da to M of the covariant derivative on T is 

Da = da^D^ (3.11) 

with 

Df, = d^ + (3.12) 

Now (j)^ is a coordinate on T, so it is not a vector, but da4>^ is, since it involves 
the difference A(/)^. So we may write 

D^dar = d^(l)P{dpdar+'^pa^dar) 

= d'^^f' + Tp^f'd''(t>Pda^''. (3.13) 

Hence our field equation ( |3.8D may be written 

D^da^^ = (3.14) 

Thus the name "harmonic map". 

Now back to the cr-model action (p.7p 



Suppose now that the target space metric G^i, has an isometry, given by a 
vector field e^{(j)). Then the Lie derivative of the metric along the vector field 
vanishes, i.e., 

£,Gp, = Q ^ 5,Gp, = 0, 5,r = e^'. (3.15) 
We first show that isometry is a symmetry of the u-model action: 

SeS = J d''aG^.u,pePda<P^d''r + 2Gp,dae^'d''cP''} 



Using that 



we may write 



5,S = j d'^^G^^^^Vp^e^^dard'^r 

= (3.17) 
as long as is a Killing field, i.e. it generates an isometry. 
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Choosing adapted coordinates, i.e., coordinates such that e = o4n- say, we 



find the fohowing parent action |1C] 
S^,v,A = j <fi (GmV'Va + 2G(,iV''da<P' + Gi,-5>^a,0^' + A'^'aaFb) . (3.18) 



Varying the (T-model action with respect to A"^ yields 

5k''' : dyaV,^ = 



(3.19) 



Hence Va = da4>^ such that S^y^\ Scj,. Varying the action instead with 
respect to Va yields 



6Va : 



V = (G, 



00 J 



1 



SfeA^" - Goid\ 



(3.20) 



Putting the expression for Va back into the action yields 

1 



S 



+ 



a 



GioG, 



00 



dacb'd' 



(3.21) 



Now, 9feA^" may be written as a field strength of a d — 2 form by taking the 
Hodge dual 



A' 



be 



A 



be 



id -2) 



bcai...aa-2 A 

^ai...arf_2 



SO that 



^bcai...ad^2 i^. A 
1 1 

~{d-2)\ (d-l)]' 



■a.d-2 



bcai...a(i_ 



(3.22) 



where Fi,a,a2...aa-2 = d[bAaia2...aa-2]- ^sing that 



1 



(d-l)! 



^bcai...ad-2 



iaia2...ad-2 



we may write 



dhA 



be 



1 



(d-2)! 



(3.23) 



Furthermore we have *Fc = {-^'^id - l)\Fbaia2...aa-2F'"^^'^''-''''-'' ■ 
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Again, we see the characteristic feature of duahty: the field equations for 
the original action 

<5/: a,(Goo^"(/) + Go^aV) = 0; = (3.24) 

and the field equations from the dual action 

SA"": 9[ay,]=0; VbiA) = G^^^ (^^daA% - Go^^b<p'^ (3.25) 



are related by (|3.25| ) being the Bianchi identities for ( |3.24| ) and ( 3.24 ) being the 



Bianchi identities for ( p. 25 ): duality interchanges field equations and Bianchi 
identities. 



The duality construction described is actually a Legendre transform\ll\: 

da<iP ^ K; C{Va) + A'^^'daVb = C{F{A)) 

^ = dbA^" ~ *F'' => V{F{A)) 

OVa 

SF 

The above construction generalizes immediately to commuting (abelian) 
isometrics. 

3.3 T-duality 

Let us now descend to d = 2. This is the dimension relevant for strings. As 



discussed in Section 3.1, strings moving in a nontrivial background are described 



by the action (in conformal gauge) 

S = j d^i [d'^X^'daX^G^^iX) + e''''daX^'dbX^B^,{X)] (3.26) 

where cj)^ X^ to indicate the interpretation of the target space as space-time. 
We encounter the new possibility of having a parity breaking term involving an 
antisymmetric tensor field B^y, called the Kalb-Ramond field. Physically G^u 
is the metric and B^y is the potential for the torsion in space-time. There is 
also in general a dilaton field </> which enters the action as / d^$^-^—g4)R^'^^ (in 
a general gauge). 

Assuming that there is a generalized isometry, i.e., a transformation that 
leaves G and B invariant, i.e. 

£eG^u = £eB^u = 0, (3.27) 

the above u-model action can be dualized to another one (~ denotes dual 
quantities) 

S = j d^i [daX^'d''X''G^,{X) + e''''daX^'dbX^B,,,{X)] (3.28) 
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with the dual metric, dilaton and Kalb-Ramond field satisfying the Buscher 
rules 

Gqo = Gqq 
Goi = GqqBqi 

Gij = Gij — GQQ{GioGoj + BioBoj) 

Bij = Bij + G^Q^GioBoj + BioGoj) (3.29) 

Boi = Gqq^Goi 

The transformation of the dilaton field (p is a one-loop effect. It results, e.g., 
from a transformation of the measure if the dualization is performed in the path 
integral. 



3.4 The bosonic 0(3) model 

In this section we apply the dualization rules to a specific example, the 0(3) 
model. We dualize the bosonic model as well as its = 2 susy extension. In 



the latter case we use the superspace dualization prescription [|10|, |12|, |13 |. 
We find that the coordinates choosen by the superspace prescription and those 
of the bosonic prescription differ and we display the coordinate transformation. 
We use this example also to illustrate that the dual background may have 
torsion even if the original one does not. 
The action of the 0(3) model is 

S = [ (fxd„a''d^a'' 



j (fixd^a'^d^a'' (3.30) 



with the constraint that a'^a"' = 1. In coordinates 99 = {a^^ +icr^)/(l + 0"^) that 
solve the constraint it becomes 

S = j (fx ( ^—^ daipd^'ifi 



1 + tf(p, 

(fxG^^d^ipd^"^. (3.31) 

This (7-model has a Kdhler structure. In fact 

G^pcp = d^d^ ln(l + ip(p) = d^dcpK{ip, (p) (3.32) 

where K{{p, (p) is the Kahler potential. 
An N = 2 susy version is given by 

Sn=2 = j (fx(fefein{l + (P^) (3.33) 
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with chiral^ superfield (j) = ipi+ iip2, and where tpi and 932 transform under the 
C/(l)-symmetry according to; 

V>i — > cos 9 — LDo sin 9 

(3.34) 

(^2 — ^ </'2 COS + 931 sin 9 
3.4.1 Dualization of the bosonic model 

To famiharize the reader with the duahzation procedure in this example, we 
duahze in two sets of coordinates. 

In real coordinates the 0(3) model action is written as 

S= jd'^ ( . , 2 , 2 ) ' [(M)' + id^^f] ■ (3-35) 

Using polar coordinates {^,9), (adapted to the U{1) rotation), letting d9 ^ V 
and (f"^ = iff + ip2, the parent action may be written as 

Sp = j (fx I (jT^) + (^'^)'] + 2Ae'^'^5.y^| . (3.36) 

Variation of this action with respect to A yields 

6X: V^ = d^9. (3.37) 

Putting the expression for VJ^ back into the parent action gives the original 
action S (in adapted coordinates). 
Variation with respect to V"^ yields 

5 Vf, ■ f'^GV = e^f^d^X => V = y^-^G-^e^^S^A (3.38) 

where G = 1/(1 + (/3^)^. The action dual to ( 3.35| ) that we find by plugging 
d^) back into (|]||), is 

(fx {Gidiff + if-^G-^dX?} 

^^-{(t^)'(^^)^ + ^^^(^A)^} (3-39) 

This form of the dual action is difficult to compare to the (bosonic part of the) 
dual action in superspace. Let us therefore repeat the above procedure in a 
different set of coordinates. Defining 

if = exp w (3.40) 



the action ( 3.31 ) transforms into 



c / j2 exp(u; +u;) 

S= d X—— ——-—^^^uJ^^'u: (3.41) 

;1 + exp(a; + ujjY 



^See section j.4.2j . 
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If we further introduce p and k via 



uj = -^{p + in) ^ to + uj = p ■,oj — u! = iK, (3.42) 



the action ( 3.4l|) becomes 



The parent action is now 



Varying the parent action with respect to the yields 

(1 + exp/o)^ 

Putting the corresponding expression for back into the parent action gives 
dual action in the new coordinates 

Sp^S = Ud^J-^^^{dpf+^^^±^^idxA (3.46) 



(1 + exp p)2 exp p 

3.4.2 The N=2 supersymmetric model 

Supersymmetric non-linear cr-models are closely related to complex geometry 



|14, 15|. In two dimensions the target space geometry must be Kahler when 



N = 2 and hyperkahler when = 4. Inclusion of torsion potential terms 
changes this classification a bit [12|, but still restricts the geometry. 

There is no restriction on the target space for the = 1 supersymmetric 
cr-model. The action is written^ 

Sn=i = j d^zd^e{Gij+ Bij)D+(t)'D.(^ (3.47) 

where (p^{z, z, 9), D\ = d and = B. 

In the N = 2 model the target space must be Kahler. The action is written 



Sn= 



-2 



J dhd^9d^9K{cl)'J\x\x') (3.48) 



where K is the (generalized) Kahler potential. The superfields satisfy the con- 
ditions 

D±(j) = D±4> = (the chiral condition) (3.49) 
Dj^X = -O-X = (the twisted chiral condition). (3.50) 



We use coordinates z^z — x ± x , d z = dzdz, d = d/dz 
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The N = 2 supersymmetry is defined through the (anti) commutation re- 
lations {D+jD+l = 9, {Z)_,l)_} = d. The two spinor indices are written out 
exphcitly as + and — . 

We now return to the 0(3) model, with Kahler potential as in ( p.32 ). In 
superspace the Kahler potential is 



K{6 + ~ 



ln(l + exp((/) + 4>)) 



and the action is 



Sn= 



d^zd^ed'e\n{l + exp((/> + (/.)). 



(3.51) 



(3.52) 



The parent action to (3.52) is 

Sp = j d^zd^ed^e {ln(l + expX) - X{K + A)} , (3.53) 



where A is a twisted chiral superfield. The equivalence to (3.52) is seen from 
the field equations for A and A which say that X = cj) + (f) ioi a. chiral field 4>. 
Varying the parent action with respect to X we find 



5X 



1 



1 + exp X 



exp X 



exp X 



A + A 

A + A 
1 - (A + A) ■ 



(3.54) 



Putting the expression for X back into the parent action, the action turns into, 
(we define A. + K = x) 



Sp Sn=2 



d^zd^ed^e { In 



1 + 



1 — X 



In 



X 



1 — X 



d^zd^ed^e{-{l - x)\n{l - x) - x\nx] . (3.55) 



The metric is found by differentiating K twice 



K 



-{x In X + (1 — x) ln(l — x)} 
-{Inx + 1 - ln(l - x) - 1} 



1 1 

X 1 — X 



1 



x(l — x) 



(3.56) 



Prom ( |3.56| ) we read off the bosonic part of the action ( p. 55]) (returning to 
real coordinates): 



S = j d^xK^^daifd"^ 

d'^xg^^ida^pod^'^po + da^fid^'ipi] 



(3.57) 
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where Lp = lpq + i(pi is the lowest component of the superfield 

To compare to our previous result, we return to the bosonic dual action 

(iH) 



Sp 



(1 + exp p)^ exp p 



We want this on the form ( 3.57] ). Clearly a change of coordinates (a field 
redefinition) is needed. We try 



1 



1 + exp p 



This transforms the action into 



Sp^ - (fx- 



1 



where the metric 



G 



- ~P) 



1 



{dpY + {d\y 



/5(1-P) 



(3.58) 



(3.59) 



(3.60) 



So, we recover the action (3.57). We see that the superspace version of dual- 
ity automatically leads to complex coordinates whereas the complex manifold 
structure gets obscured when we use the Buscher rules. 



3.4.3 The 0(3) model with a 0-term 

In this subsection we include a i?-term in the 0(3) action. We call it a 0-term 
since in this case it is topological (i.e. a total divergence). 
The action for the 0(3) a-model is 

S = ^ j (fx {dao'd^a' - a{a'a' - 1) + g^ee'^'^e^'^a'daa^ dta''^ (3.61) 
where denote 0(3) indices. Using stereographic projection 

^ ^ -r^^ 3.62 
1 + o-^ 



we have 

1 f + <f 2 ij'P - 3 1 - "f? /ofiQ^ 

<^ = r; cr = — —] a = r (3.63) 

1 + ifif l + if^p 1 + ^fif 

In these coordinates the action becomes 



25 



Defining (p = ipQ-\- iipi, the Buscher rules give us 



Goo 
Gu 



2\2 



Goo'Soi = 405' 
Gil 



GqqBioBqi 



1 + I69^g 



(3.65) 



52(1 + (^2)2 

Boi = GanGoi = 

So, the action ( p.64| ) duaUzes to a model without a 0-term: 

(1 + 1602^4^ 



S= d'xl g\l + ^iY{d^^Y + Seg'daipod^ipi + 



g2(l + ^2)2 



(3.66) 



In the string context this means that a torsionful string background may 
dualize to one without torsion, thus changing the geometry drastically. This 
may not be totally obvious from the present simple example, since the torsion 
term in ( 3.61 ) is a total divergence, and thus not really there (in trivial topolo- 
gies). A more interesting and nontrivial example of = 2 duality is given 
by the WZW model on SU{2) x U{1) which is dual to [SU{2)/U{1)] x [7(1)2 
PI, III- 



3.5 Non-Abelian dualization 

At the end of our disussion of 5'-duality we gave a 3-D example that has a non- 
Abelian generalization. We mentioned then that this is a fairly rare non-Abelian 
case. When it comes to 5-duality, however, there are general prescriptions. We 
summarize one of them below. 
We start from the action 

S = j (fxG^p)da(t^'d^(tP, ^ = {^,^^) (3.67) 

which is assumed to have an symmetry group G of non-Abelian isometries 

<i^^g'j<l>^; g^Q (3.68) 

We gauge a subgroup H O Q introducing the corresponding gauge potential 
A^. The parent action may be written 

Sp = j (fx {Gij{(t))Da(t)'D''(jy> + trAF} (3.69) 

where the covariant derivative is 

Da(^' = da^' + A^(T„);y'; A, ^ {A, A) (3.70) 
with Tq, the generators of the Lie algebra of G. The field strength is 

F = dA-dA + [A,A]. (3.71) 
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Variation of the parent action with respect to the Lagrange multipher A yields 

6A: F = (3.72) 

so that the gauge potential is "pure gauge" 

A = h-^dh, A = h'^Bh, h£ H (3.73) 

Plugging this back into ( 3.69] ) we recover ( |3.67| ). The dual action found by 
eliminating is 

S^A = S<t>- j d^zKir'r^h (3-74) 

where 

(3.75) 



But taking the dual of the dual does not give the original action back^. In 
fact the dual metric may not have any isometrics at all. In the next section, 
however, we will show how it may be possible to solve this problem. 



3.6 Poisson-Lie T-duality 

In this last section we will introduce the basics of what has been called Poisson- 
Lie T-duality [|l9|]. It generalizes the abelian and the traditional non-abelian 
dualities (the latter was presented in the previous section) since this construc- 
tion is not based on the presence of isometrics for the background and the dual 
background metrics. 

Consider a u-model with fields mapping fields (j)^ from some two di- 
mensional worldsheet manifold into a target space T. The target space is 
assumed to have a metric Gij as well as a torsion potential Bij. The action 
may be written 




(3.76) 



where Fij = Gij + Bij. The group structure G of the target space T defines a 
group action 

S(f)' = k^ei (3.77) 

where k"" are parameters that depend on the coordinates {z, z) of A4 and 
ejj are the invariant frame fields^ in the Lie algebra Q of the group G; a = 
1,2,... , dimG. The frame fields obey the relation 

[ea,ebf = rab< (3.78) 
^D^ ^ 1 (cf. excercise at the end of chapter 1). 

®In three and four dimensions the frame fields are usually called triads (dreibeins) or tetrads 
(vierbeins), respectively. 
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where f^f^ are the structure constants of the Lie group G. 
Varying the action with respect to gives 



SS^ = J d^z{k''d(p'£e,Fijd(^ + dk^elFijd^ + dk^d^'Fijei} (3.79) 

where £k^Fij is the Lie derivatives of Fij. The currents J a are given by the 
1-form 



Ja = Jadz + Jadz 



where[] 



Ja 



Ja — &a^ij^ 



(3.80) 



(3.81) 



From eq.( 3.79D we thus see that a target space with isometries, i.e. £eaFij 
I gives us simply the equations of motion 



dJa + dJa = 



(3.82) 



Written in a coordinate independent way we have d * J7a = 0, where {*Ja} is 
the dual basis to {J^a}- This is a special case corresponding to /^j, = 0, where 
f^ij are the structure constants of the dual target space (with Lie algebra Q). 
However, in the non-Abelian case, the equations of motion are given by the 
Maurer-Cartan equation 



1 



d*Ja + pa" * Jb A *Jc 







The component equations of (3.83) read 

dJa + dJa + jJ^'Jc = 



(3.83) 



(3.84) 



From ( 3.7g| ) we find d4>^ £eaFijd(j>' = dJa + dJa- If we further use the expres- 
sion for the currents ( ^.8l| ) the component equations ( 3.84| ) give the following 



condition for Fij-. 



£ p., Fi^ 



F.keU'a'eiFij 



We know that the Lie derivatives have to satisfy the relation 

[£eaJ -Eetl = fab'^ec 



(3.85) 



(3.86) 



Applying eq.( p.86|) to ( 3.85 ) thus gives us the relation between the structure 
constants of the target space and the structure constants of the dual target 
space 



j^a ^rs j^as j^r , j^ra j^s ras j^r rra r 

JdcJa Jc J da ' J c J da Id Jca Jd J< 



ra fs 
ca 



(3.87) 



^We may find the currents from the Lagrangian using the definition J*^ = id C / d{dy,4>^))5<f)^ , 
where u = {z, 2}. Remembering that J'^ = Jz = J and J'^ = Jz = J, we find the results given 
in eq.(p!8l|). 



In section 



3.2 it was shown that if the metric has an isometry, that isometry is a symmetry 



of the CT-model action. 
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This is the Jacobi identity for the Lie bi-algebra the so-called Drinfeld 

Double. 

We now expect that the action dual to ( 3.76| ), 



57 = / d'zdfFij{<P)dcj)^, (3. 



should obey the same condition as ( p. 85 ) but with the tilded and un-tilded 
variables interchanged 

£-aF'^ = F'^elf^^e'iF^^ (3.89) 

The backgrounds we expect to be related via 

(F(<A = 0))r.i=F*^(<^ = 0) (3.90) 

Now, we want the field equations ( |3.83| ) of the original theory to be the 
Bianchi identity of the dual theory. This is achieved as follows. We introduce 
the Maurer-Cartan form *J' on G which we expand in terms of the dual basis 

*J = ^Jaf" (3.91) 

where [T'^f^] = fl^'f". If *J is a pure gauge field, i.e. 

* J = g-^dg- geg, (3.92) 



this ensures that the field equations (3.83) becomes the Bianchi identity in the 
dual theory. 

To summarize, we have learned that two target spaces are dualizeable only 
if the backgrounds satisfy the system of partial differential equations given in 
( 3.83 ) and ( 3.89| ). In addition the backgrounds must satisfy the condition ( 3.90| ). 



In other words the original theory and the "dual" theory can be dual to each 
other if their target spaces can be embedded into a Drinfeld Double. 

A general feature is that backgrounds without torsion are related to back- 
grounds with torsion. Furthermore, from eq.( 3.83| ) and ( 3.89|) we see that 



an abelian theory (/^^ = 0) gives a dual theory of non-abelian isometrics 
{Xe^Fij = 0), and vice versa. In a quantum analysis of the Poisson-Lie T- 
duality, it appears that when G and G are both non-abelian, one has to shift 
the dilaton in both theories to maintain conformal invariance. 
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Further reading 



In these lectures we have presented the basics of duahty. The role of the du- 
ality in modern theoretical physics seems to be a very important one at the 
moment. A natural continuation for the reader who is interested in the subject 
is to learn about the generalized EM duality of the Montonen-Olive type in 
supersymmetric gauge theories. There are many good reviews of this subject 
and we recommend the ones by Olive |2^], Gomez and Hernandez [21|, Harvey 
[22 1 and Di Vecchia [^]. We also recommend four techniqual papers on duality: 
l25|l, i26i and 



Acknowledgements 

We would like to thank M. Rocek and R.v.Unge for reading and commenting 
on this manuscript. U.L. also acknowledges partial support from NFR under 
grant no. 4038-312 and from NorFA under grant no. 96.55.030-O. 



30 



Appendix A 

Notation and Conventions 



We use the Minkowski metric g^^i, = diag(+l, —1, . . . , —1). 

In D = 4: the Levi-Civita symbol e'^'^'"^ (with the definition e°^^^ = 1) obey 
the following relations: 



In D = 3 and D = 2 corresponding relations for the Levi-Civita symbol 
(with the definitions e°^^ = 1 and = 1, respectively) can be found from the 
relations 

e^'^'ex.r = Si^,6\6^^^ , e^'^ex. = -Si^.d^^ (A.2) 
The Hodge dual is defined as follows: 

The anti-symmetrization rule is defined as 



(A.4) 



^[pBuCp] = A^B[yCp] - AyB[^Cp] + ApB[^Cy] 
= A^ByC p Ap^BpCy — AijBpCp 
+ AyBpC^ + ApBp^Ci, — ApBiyC^ 

Some useful relations are 

e-'^'^Pd^pAyp] = Sk-'^'^Pdi^A^p 

d^^^S^j'^^d^A^p = d[xA^r] (A.5) 
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